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Abstract
The Freeze Tag Problem (FTP) arises in swarm robotics. In FTP one active robot should awakes
some inactive robots. Robots that are awaked may help to awake other inactive robots. For
activating an inactive robot in FTP, the awakening robot should be in the physical proximity of it.
In this paper, we study a variant of FTP in which for activating inactive robots it's sufficient to go
to a given distance L of the robots. In fact a robot only has to get “close” to another robot in order
to activate it. We call this problem "Radial FTP" and give an approximation algorithm for it.
Key words: Freeze Tag Problem, swarm robotics, approximation algorithm, optimization.

1. Introduction
In Freeze Tag Problem there are a large number of inactive robots and one active robot and
the goal is to awaken all of the inactive robots in the shortest possible time. The new
awakening robot can assist in activating other sleeping robots. For activating an inactive robot in
FTP, the awakening robot should be in the physical proximity of it . Now we consider a variant of
FTP in which for activating inactive robots it's sufficient to go to a given distance L of the robots. We
call this problem Radial FTP. For example one application of Radial FTP arises in the context
of distributing data in wireless sensor networks. Imagine that we have a large number of
robots equipped with wireless sensors. The range sensors are limited. We can awake a robot
only by entering the region of the range sensors. In order to awakening an inactive robot, the
active robot moves toward it. Once the active robot touches the side of the range sensor of the
inactive robot, it can awake the inactive robot. This problem has been mentioned in [2] for
future research.
The FTP is similar to some problems like the minimum broadcast time problem [8], the
multicast problem [3], and the related minimum gossip time problem [7] but the proximity
required in the FTP leads to significant differences.
FTP is NP-hard, even for the case of star graphs with an equal number of robots at each vertex
[2]. Many solutions for FTP have been proposed including approximation algorithms,
heuristic strategies, local search and computational intelligence.
Some solution proposed for star graphs [2], Ultrametrics [2] and Online FTP [6]. There are
some Density-Based strategies and Sibling-Based strategies [1]. The heuristic strategies for
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this problem divide into two groups: the greedy strategies and the sector-based strategies. The
main idea in greedy strategies is select the closest robot in each step. The greedy strategy is
not a fully defined heuristic. What remains to be specified is how conflicts among robots are
resolved, since two robots may have the same closest neighbor. In [9] Sztainberg et al.
describe three methods for resolving these conflicts: claims, refresh, and delayed target
choice. The weakness of greedy strategy is sometimes a robot prefers to travel a longer
distance to obtain a better payoff. Thus some other heuristic strategies were designed. We call
these strategies sector-based strategies because the authors use the sectors around the robots
for making decisions. The robot can detect the closest robot within each of its sectors. Three
methods that have been proposed in [10] are Bang-for-the-Buck, Random Sector Selection
and Opposite Cone. In the field of local search algorithms and computational intelligence
three are methods for the FTP: Alternating Path Algorithm [5], a solution based on genetic
algorithms [5] and a solution based on ant algorithms [4]. Recently Zoraida proposed a new
method for FTP based on DNA-computing [12]. There are also some open problems related to
FTP (see [2, 11]). But it's the first time that the Radial FTP has been studied.
The Radial FTP is equivalent to touch a circle with radius L around the robots. We can
describe the problem as follows. In Euclidean space, there are n circles and the goal is to
touch all of them in the shortest possible time. If L=0, Radial FTP converts to the FTP. Figure
1 illustrates the awakening process. In this figure robot A awakes robot B when get close to B
within distance L, then travels toward robot F. This operation will be continued until the last
robot awake.

Fig 1: activating inactive robots by going to a given distance L of them.
2.Comparing FTP and Radial FTP
In Radial FTP, makespan time for a set of robots may be very different with FTP. For
example in figure 2 the distance between robot Vr and the edge of cycle around robot A is ε.
The distance between robot A and the edge of cycle around robot B is ε too. The distance
between robots Vr and A and between robots A and B is α. If we consider FTP for this
instance and solve it, then the makespan time will be 2α. If we consider Radial FTP for this
instance and solve it, then the makespan time will be 2ε. Robot Vr should go to distance L
from A, at this time new awakening robot A can go to the distance L from B and awake it. If
the ratio of α to ε was too much, the difference between the solutions will be too much.
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Fig 2: The difference between the solutions for FTP and Radial FTP.
Another example is when the robots locate in the place such that all of the circles around the
robots have overlay. See figure 3. It means that each robot have the distance smaller that L
with at least one robot. For the FTP the solution will be at least the radius of the set of robots.
If we consider Radial FTP the makespan time will be zero!!

Fig 3: The case where the circles around robots have overlay.
3. An approximation algorithm for Radial FTP
As mentioned, in Radial FTP for awakening robots it's sufficient to go to a given distance L of
the robots. Thus the distances should be travelled in Radial FTP and the makespan time is less
than which is in FTP. We imagine that each robot moves with unit speed so the distances
travelled by robots is equivalent to the time required for wake-up process. For analyzing the
relation between the makespans of the Radial FTP and FTP consider the following scenario.
Imagine that robots A and B are two robots from a set of robots in FTP (see figure 4). In some
steps of the solution if one robot wants to awake robots A and B, it should goes to the point A,
awakes robot A and then travels the edge a and then awakes robot B. If the active robot wants
to awake robots A and B in Radial FTP, it sufficient to travels distance b. As shown in the
figure 4, in the case Radial FTP nearly two times of L has been decreased from the distance
should be traveled in FTP.

Fig 4: Deference between distances should be traveled in FTP and Radial FTP.
Thus, using triangular inequality we have:
a ≤ b + 2L
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Now we can analyze parameter L. A PTAS algorithm has been proposed for FTP in [2]. This
algorithm divides the space into pixels of side 1/m. This algorithm rescales the coordinates of
n points (robots) so that they lie in a square of unit side. Then the algorithm divides the square
into an m-by-m grid of pixels, each of side length 1/m. Then it chooses a representative point
for each pixel and assumes that all of robots in the pixel are in the location of the
representative point of that pixel. After that it enumerates the wake-up trees on the set of
representative points and selects the pseudo-balanced wake-up tree with minimum makespan
time. Then the algorithm converts the wake-up tree on the representative points into a wakeup tree on the set of all robots by using an O(1)-approximation [2] in each pixel. In this PTAS
algorithm, for awakening each 5 representative points, we should travel a distance equal to
one pixel side. See figure 5.

Fig 5: A scheme of awakening process in PTAS algorithm for Euclidean space.
Thus we can have a relation between the makespan time and the number of edges in the
longest path in wake-up tree. Let Nh be the number of edges in the longest path in wake-up
tree. So we have:
Nh = (dotted makespan *5)/(1/m)
in which 1/m is the size of pixel side and dotted makespan is the makespan for FTP. In Radial
FTP there is no need to travel all pixel side and it's just need to go to the distance L of the
sleeping robot. Thus we can rewrite the above relation. In the following relation we assume
that L < 1/m and the minimum distance between each pair of robots is L and radial makespan
is the makespan time for Radial FTP:
Nh = (radial makespan *5) / (1/m - L)
We know that, using PTAS algorithm for FTP, the solution is a factor of (1+ε) of the optimal
solution. Also the difference between the edge lengths in FTP and Radial FTP is at most 2L.
Thus we will have the following relations between the makespan of FTP and Radial FTP and
the makespan of FTP corresponding Radial FTP. The dotted makespan corresponding Radial
FTP is a solution of Radial FTP that we convert to the FTP.
dotted makespan ≤ (1+ε) (dotted makespan corresponding optimal radial makespan)
≤ (1+ε) (optimal radial makespan + 2LNh)
≤ (1+ε) (optimal radial makespan + 2L ((radial makespan*5) / (1/m - L)))
≤ (1+ε) (1+ 10L / (1/m - L))( optimal radial makespan)
In the above phrases ε=O(1/m). In the last sentence if L=0, the solution will be the solution
for FTP.
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Thus there is an approximation algorithm for Radial FTP. The assumption of minimum
distance L between each two robots leads to the solution be valid for Radial FTP because no
two robots wake up in a moment. We can rewrite the following relation for approximation
factor:
dotted makespan ≤ (1+ε) (1+ 10L/(1/m - L))( optimal radial makespan)
If the parameter L be small enough, the Radial FTP get closer to the FTP and we can use the
algorithms proposed for FTP for solving Radial FTP. But if the parameter L be large we
should consider special algorithms for Radial FTP.
4. Conclusions
In this paper we proposed an approximation algorithm for Radial FTP. This algorithm is
based on a PTAS algorithm. Our algorithm is useful when the L is small and the Radial FTP
is closed to the FTP. Otherwise the factor of the algorithm may be not enough good and
special algorithms for Radial FTP should be considered.
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